Semester Two Examination, 2015

Question/Answer Booklet

MATHEMATICS
S PECIAL|ST If required by your examination administrator, please
UNITS 1 AND 2 al place your student identification label in this box

Section One:
Calculator-free

Student Number:  In figures

In words SoAutTrc IS

Time allowed for this section
Reading time before commencing work: five minutes
Working time for this section: fifty minutes

Materials required/recommended for this section
To be provided by the supervisor

This Question/Answer Booklet

Formula Sheet

To be provided by the candidate
Standard items: pens (blue/black preferred), pencils (including coloured), sharpener,
correction fluid/tape, eraser, ruler, highlighters

Special items:  nil

Important note to candidates

No other items may be taken into the examination room. It is your responsibility to ensure that
you do not have any unauthorised notes or other items of a non-personal nature in the
examination room. If you have any unauthorised material with you, hand it to the supervisor
before reading any further.
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Structure of this paper

Number of Number of Working time Marks Percent
Section questions questions to Ing : rcentage
available | be answered | (Minutes) available of exam
Section One:
Calculator-free 8 8 50 53 35

Total 153 100

Instructions to candidates

1. The rules for the conduct of Trinity College examinations are detailed in the Instructions to
Candidates distributed to students prior to the examinations. Sitting this examination
implies that you agree to abide by these rules.

2. Write your answers in this Question/Answer Booklet.

3. You must be careful to confine your response to the specific question asked and to follow
any instructions that are specified to a particular question.

4. Spare pages are included at the end of this booklet. They can be used for planning your
responses and/or as additional space if required to continue an answer.
* Planning: If you use the spare pages for planning, indicate this clearly at the top of the
page.
¢ Continuing an answer: If you need to use the space to continue an answer, indicate in
the original answer space where the answer is continued, i.e. give the page number.
Fill in the number of the question that you are continuing to answer at the top of the

page.

5. Show all your working clearly. Your working should be in sufficient detail to allow your
answers to be checked readily and for marks to be awarded for reasoning. Incorrect
answers given without supporting reasoning cannot be allocated any marks. For any
question or part question worth more than two marks, valid working or justification is
required to receive full marks. If you repeat any question, ensure that you cancel.the
answer you do not wish to have marked.

6. It is recommended that you do not use pencil, except in diagrams.

7. The Formula Sheet is not to be handed in with your Question/Answer Booklet.

See next page
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Section One Semester 2 2015

Section One: Calculator-free

Trinity College

(53 Marks)

This section has eight (8) questions. Answer all questions. Write your answers in the spaces

provided.

Working time for this section is 50 minutes.

Question 1

(@) Iftand= %, determine the exact value of tan 24.

2+an A
[— tan*A

= 2% Ve
1—-()l

+on 24 =

i

(b)  Solve cos(2(x — 10%)) = 0.5, 0° < x < 180°.

/

= Q(:c-u:f) = 40° or O }-—2006 Q(x——/c:)

{

o o
=  x-jo = 30 o SO

. = = Ao o [60° Tz

;o ~

See next page

(5 marks)
(2 marks)

(8 marks)
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Trinity College Section One Semester 2 2015
Question 2 (6 marks)
2 3 3 - 1 2
if A=|1], B =[4 -1 2], C——-[S 4 SJ andD=|4 0|, state whether the following are true
3 7 3
or false. lf false, clearly explain your reasoning.
%, A -
2 1 2
(a) A+D=|1 4 0. 'F'Q\C,e Com no’f oolof mo‘k\‘ce—g (1 mark)
/ .
37 3 02, J\@,uc«;" dimene dean
8 -2 4 |
~(b) AB=| 4 -1 2]|. - (1 mark)

12 -3 6 cne ‘ s

(c) Qyp + by + ¢+ dyy =3 ?‘al‘ae ;- Qun, aret Lz\ do not (1 mark)
eset

v st

(d) BA=13. e ga-="V13 (1 mark)
False l [ j
Auis 1 celaked Lo the e the produck ol Jus malnces
Comeepte of: sedlar Mu“\'\v(\‘ea‘\w s & _maLﬁx.

- e 3] #13 \/

* Sealoar mo:(a\‘y’ Mult,

10 .
(e) CD:[’O J. Teue / | (1 mark)

# Cc'=D. ﬁo\lse Mmefeix C must be (1 mark)

/
$Zu,we '('o (Acw-e

Ow 1nverse. /

See next page
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(b) aintermsofdande, where d=3i—5j and e=>5i - 2j.

CALCULATOR-FREE 5

MATHEMATICS SPECIALIST UNITS 1&2
Section One Semester 2 2015

Trinity College

Question 3 (7 marks)
Two vectors are given by a=9i+4j and b=3i—4j. Determine
(a)  avector parallel to a — b of magnitude 25. (3 marks)

= (g) / S Qe?/w\aeo’uec/!«w s

28" 4>
= Jiee o &

_ :s’)
20
= 1§ < *2‘9’8‘ \/

/’_——.—-

(4 m'grks)

(Y- =(%)-s(3) v/

-$x -2y =&
> 21_‘,5‘\3:‘—(% orned s 3 \/

2 Slinimohun s [SX a5y T 8T
—1s — 6y = 1%
19y = 57
Cws 2 = -2 /
. (S—- )
oo & = —Zg{ +2 e

See next page
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Question 4 (9 marks)
317! & x ¥
a Evaluate ——. = 2 marks
@ 3 e (& marke)
= I
—_—

(b)

(©)

Determine the number of different permutations of the letters in the word NEEDLED.
(2 marks)
r—] [

o
gl 2! v
2
Ny b=s %k x 3

= 7}1\
= 420 ‘/

A password is formed using all seven of the characters $, %, @, Y, Z, 8Nand 9 just once.
Determine the number of different passwords that are possible in which all the symbols

are adjacent, all the letters are adjacent and all the digits are adjacent. (8 marks)
+=3.4Ao.r
2!t 2l 2l 3l

Symb, keHee Digt  ordler

Exasxd x> 6

i

It

T4l pagenmots /

om—
e——

Determine the least number of randomly chosen integers between 10 and 99 required to
be certain that the difference of the digits in at least two of the integers is the same. (For

example, the difference of the digits in the integer 49 is 9-4=5). (2 marks)

Aere ace _l_g__g_gs_s_é_ale J\'?(Qvuwce& wegs /
(le. o otq.%cmce 0,9( O up o a d“%ume o/g—q>

co €'3 Ptgew\w{e Iamw,:\q(e we will neesf ot leact 1
—
Nuwbars to be Chosen.

See next page
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Question 5 (5 marks)
A proposition states that for any integer n, if n* ~4n—3 is even, then n is odd.
(a)  Write the contrapositive of this proposition. , (1 mark)

T8 nie nct oo, then nin-3 s ot even,
(eu%\ (edo(x

/

(b)  Use the contrapositive statement to prove the proposition is true. (4 marks)

fg' N VS no"' oo(of i‘t Te  eve, O
n=2k  kezZ /

Nnwwo NC—bn - = @k)z-—/v(ﬂ&)—'}

= 4kT— ¥k T3
skP— o — 2 |
= g(:u(‘-w-—d - \/

= 24 —I )/eé/Z. \
whithh ie  oolod &/ ()

S. wot evew aeo, /

e, Qivem Hre coeral e

Prb"k%\"l‘\w wuu&“’ be Yrue

QED.

v/

See next page
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Question 6 A (7 marks)
(@)  Sketch the graph of y = 2 cosec(x + 90) for 0°<x<180°. (3 marks)
Yy /
10 A f
8 /
61—~
417 —
2 hd —"
> X
2 30 3 ) 120 150 180
4 ol -
8 ; //
-8 1
-10 \ !
(b)  Prove the identity cot4 + tan A = sec A cosec A. (4 marks)

Podk:  Take AWS = cotf+4and

_ =¥ sim#é /
S Ce A

2 a in\z'q

— Ces
= cos @ YO T
Sind Conr? \/
I
N
Cem ¥ SinA
_ l - /
e
= cech . cosecf]
. e v
QED .

See next page
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Question 7 (7 marks)
(a)  Matrix A represents a rotation of 180° about the origin. Determine

() matrix A. (1 mark)
-\ O /
o -\

(i) the exact coordinates of the point (-2, 3) after transformation by matrix A. = (1 mark)

-toef-2 2
o -1 2 - g (‘.Qr '4 ( 2’ —Z) /
(i) the determinant of matrix A. (1 mark) '\,/}

CEY =)o)

l /
——

.

—

-1 0
(b)  Matrix B =[ 0 J . Describe the transformation represented by B and calculate its

determinant. ) (2 marks)

€ e «a reg(eci\‘o»\ wa e Y-onis \/

(c)  Use an example to show that two non-singular square matrices C and D exist such that
the determinant of their sum is equal to the sum of their determinants. (2 marks)

/(GA’ C=A3 o D= R Qro..,‘ obrare g""r W%()\e

I-Hl

Now C+D

i

News [ced| = 0 = IC\ + | of /

= =+ e

See next page
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Question 8

1+i 4430 .
The complex number z = —— —, where a is a real constant.

1-i a-—i
2_ —
(3)  Show that Re(z) = % and that 1m(z)=“—#-—3.
a“ +1 a“ +1
2 = TP P, L+3< a+<
| —< [+ a-< o +<
. NI 2
(*24-*&‘1 4a 4+he+30e +3¢<
s —————— - 2 v T
2 Q- =
- lrac-l ka-3 +(3a+0) e
z PE
) / Aa-T3 Ta+(
= £ —_ —_— e L
o+ e+
-, <
- __%__43 + a +| — (30\4—(-\) .
atv) <
0\2"' }
_ g"(lq OZ’ZQ - 3 ’
- —_— Y =T <
a‘z-‘-’ a "+

= Re(zN + Tm(Z) < \/ RED

Determine the value(s) of a when Im(z)+Re(z) =0.

2 - 4q

I

at+\

a%-2a-3

a ?+ = © \/
=5 g-ua + a*-2a -3
=) at-—la =O | /
= a(a-7) =o

.o Q= O o a =) \/

e e

cm——

—4=

‘I
0

End of questions.

CALCULATOR-FREE
Section One Semester 2 2015
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(8 marks)
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Section Two: Calculator-assumed (100 Marks)

This section has thirteen (13) questions. Answer all questions. Write your answers in the spaces
provided.

Working time for this section is 100 minutes.

Question 9 (6 marks)

The work done, in joules, by a force F Newtons in changing the displacement of an object s
metres is given by the scalar product of F and s.

(@)  Determine the work done by a force of 200 N that moves an object 2.7 m, given that the
force acts at an angle of 17° to the direction of movement. (1 mark)

Fes = IFlls(cese
i = guow 27> Cos17°

= SWu T Ve

prmrmme—e——

(b)  When an object is moved 0.8i —0.6j m by a force of 130 N, the work done is 126 J.

(@ Show that one possible force is 120i —~50j N. (2 marks)

[z e e
-s0 = /2¢3 where. || = J@20)% (-s0” o
/ T : = 120N

e—

(i) Another possible force is xi + yj N. Determine the values of x and y. (8 marks)

x 0-¥
EE
ol XHY = 1307

éol\){hcs simdllwee,o-w%hj 3.’0%

- = -~ - = —/{Ole
x =120, Y="50 or xX= gxg)ti [Ole 2

gt/

See next page
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Question 10 (7 marks)

On the axes below, triangle ABC is transformed to A'B'C' by a linear transformation.

(b)

(©)

y
C'l, B
A4 I\ C
£1
< 4 ] il S x
4 | 2 2 ) 8 10
B
State the appropriate transformation matrix. (1 mark)

o -~

] o ‘/

Following a second transformation, A'(0, 1) and B'(1, 4) are transformed to A"(0, 2) and
B'(3, 8).

(i) Determine the matrlx for thns second transformatlon (2 marks)

[I[“l é
- [: I[l

—

-

o l
(i) Calculate the area of triangle A"B"C". (2 marks)

B(and) = [deb(T)|x A(arE) S
= 6 e .%(2)(3)

z
= 1€ ik \/
Determine the transformation matrix that will transform triangle A"B"C" back to ABC.
_ | (2 marks)

2 o0 o -1 o =2

1 O - ]
o 2 - =

Z o

/ v

See next page
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Question 11 (8 marks)

(@)  Inthe diagram below £AEC = 85° and £BAC = 38°. Determine the size of £ADB.
(8 marks)

A = ¥o -¥s
A - ?S—° / Cljc\\’c. czuool.

/ACG = [¥0- 9¢ -3¥
- Ajo / aws\-e Stwa Jf"'{ .

. Javs = LA sholy o

SOme arc.,

)

(b)  Inthe diagram shown below, not drawn to scale, a circle with centre O has tangents at E

and C that meet at B. If the length of BC is 8 cm and the length of AE is 9 cm, determine
the length of DC. (5 marks)

A4 QCM .E Fem

gE = GC = £ewn~ /

AB= pHE +EC
- q +¥

= |Tewa /

Aac = \)@@)z (8¢’

- T >
R 9* - « [xfl:—) = 1S ewn /

CIQ trt s (’X—-Ir)z

ﬁ’*emulcioe Soln (Sawo( ww\c) .

. QQE) - A0 ~ AC
(2r+9{) ;—97‘3 ,72 5
2 = 9
¥rsu, g sye =7 AD ,I/s, Cvm
VD= 2. L. » —
= ~ (=2
AR cf’gcm a ™ /

—

See next page —_—
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Question 12

(9 marks)
-6 4 3 4
Let A= d B= .
et A {5 _3} an [5 J
(@)  Giventhat A~ =kB, determine the value of k. (2 marks)
\ A‘H’M‘L me‘uwe( :
=> ﬁ"ﬁ. - T
N y/& Z.
- 9)" A =
> «xz =6 / Z 3
L o
= [" ' T 4
c 2 = 1
L 2
. k - ,'_ S
.- - $ _ ". &
s - 4
(b)  The equations 4y =6x+4 and 5x=3y can be expressed as a matrix equation in the form
AX =C.
. . O
(i) State the matrices X and C. (2 marks)
x
(i) Write down a matrix equation to determine X in terms of B and C. (2 marks)
A¥ = C
= X = Al C v
= f,’_ B C / L’w\ ) ™
O
—-—___..“’.::’
(c)  Determine the matrix D, if (B—D)B=2A. (8 marks)
- - Frem (&)
> (g-0)eg' = a0¢" iy
ﬁ = =2 @
=‘7(@’D)I =24 44 = 28"'286
2z = 1 = -
= 2-> = A 7 78 =8

=/

G-
_ (=52 wo
SO -32 \/

See next page
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Question 13 (6 marks)
(a)  Determine the angle between the vectors (-12,7) and (3,8). (2 marks)
Couldl use : @  Clasafdl
Co%E = E—’__Lo;_ 0««3\6 (["‘217],{;'9])
211k | 0 v/
= 90 N4 C !J.‘a) /

(b) Determine the value of a so that the vectors (7,a) and (10,4) are perpendicular.

(2 marks)
@la)-(lo)q):o v
=7 o + 4o = ©
. - —'3{
.~ a (L— \/
Q b
et <
(c)  Determine the exact scalar projection of (3,-5) on (-8,4). (2 marks)

rs ap  (39) (54
ce i —
Qomb ol - 15 Vv

His
—_—

— /

—

\i

See next page
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Question 14 (9 marks)
(@)  The graphs of y = f(x) and y = g(x) are shown below for 0< x<2x.
Y
N
4
S&x)
T T
\ =
AN /
X
7 2
N / gx)
i~
- N
4 O
() If f(x) = acosx and g(x) = bsinx, state the values of g and b. (1 mark)
Q="7% b = -2
—— ———
(i) If h(x) = f(x) + g(x) express h(x) in the form R cos(x + a). (8 marks)

R= JE) ey O

A= 4o (%)

= o.svg (3 \/

————

\ﬂ; &u—ch + o-§f&’> /

==

=
O
U

See next page
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(b)  The clearance, h metres, under a bridge spanning a river estuary varies with the time

since midnight, ¢ hours, and is given by h=3.6 +2.7sin (%tj .

() Sketch the graph of the clearance against time on the axes below. (8 marks)
h
\
\ohd ¢ s 3
7 6 ou Pany
S/ b
VAR JARIA v
2 Z ‘ ] / »ﬂ . Accutacy (%Q!'e)
\\ } \ // v
O , \ // \\ /
PN N/
o‘q - : A 4 E

2 4 6 8 10 12 14 16 18 20 22 24
L L
Show velwes o Bxes .

(i) Determine the percentage of any 24-hour period during which the clearance under
the bridge is no more than two metres. (2 marks)

h <y

S 72 £ € < g (2ep) /

79-17- 21
P ET o o (34

12
= 8L (pdn)

A

See next page



MATHEMATICS SPECIALIST UNITS 1&2 10 CALCULATOR-ASSUMED
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Question 15 (8 marks)

(@) A committee of eight people is to be selected from 10 junior, 14 adult and 11 senior
nominations from the members of a club. Determine the number of ways the committee
can be selected if

(i) there are no restrictions. (1 mark)
25 _
= ,2 3 $33 gLO Committcea ]
g
-+
(i) there must be five adults and more seniors than juniors. (8 marks)

) (G ()

)
e’
= 2009 ( lbs  +  ss© >
= 3 o
[ 431 43 Cormml ez v//
A
(b) Six books are to be selected for promotion in a newsletter from a choice of nine crime,
seven fantasy and six romance novels. Determine the number of selections that include
three fantasy or three romance novels. (4 marks)
Theee oHors
Fantasy C’ ('5 ) >~ (§92s Vs

A«e (6)(’4> = Jizvo L Preiale .
e R

“ol BN - e

(Fadkae, 02 Ao

fheee o tovkoeus or romance

G+ NEve — 7O

M

26 28
{/—/—-_-’

ie. n(FURY = n(F)+ n(R)

\

_ w(FaR)

See next page
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Question 16 ' (7 marks)

A cyclist pedals at a speed of 25 km/h along a road on a bearing of 300°. Relative to the cyclist,
the wind appears to be blowing from 280° with a speed of 30 km/h.

(@)  Sketch a labelled diagram to show the relationship between the velocities of the cyclist,

the wind and the wind relative to the cyclist. (2 marks)
N
N
N
wic e Vw = Yo T WYC,
YQ e
35 ~ W / /

(N \
" - (b)  Express the velocities of the cyclist and the wind relative to the cyclist in component form.
° (2 marks)
Vv o G IS0 — Al 65 )
f - s -
° - - 2. o,
v e Sin (50 125 © l /
Cuo (-1 ) ,2%3'?
V4 - 20 ( _ ] Zo‘-,‘:.
W~ C = _
Siv\('l"\ —'S‘z‘ /
(c) Determine the true speed of the wind and the bearing from which it is blowing. (3 marks)

N

N’

“+ W T
- 20687 285
- \g
1269 -<.2
_ [ /
7-29

!

| -t [189
Sf)e,et'/d :’yw(: {(_9_:;2 km/L / @e&h‘wi B "’G\A, "?;q 3 /
6 = o413 ()

See next page
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Question 17 (6 marks)
(@)  Show how to express 5.25 as a rational number. (2 marks)
Leb x = S-25
= (vox= $2stas S

o x = "?’%. FOJL\AJA\»WJQN .
—_ \/
(b) Prove by contradiction that ¥/4 is an irrational number. (4 marks) Q

1€ (“Q_'L_:\,\,__M_.J-
S lewea(- eo**\'\(ge no Cunvwds W
Q,O,M\
zZ e
= L = g/.)

2
S ey
=> 3 - 2(9. ;) c"e‘ Ifi P—‘.\se f"\}
F ?/ ' Hiem > m:g_—(

be Evtnn, |
:.§ \¢ = An / ne’Z et -

= S?vx
3 %
7oy T e S
= q/ = AR ( meZ (T3 AV

s Y 15 iccabmal &‘/D \/

See next page



CALCULATOR-ASSUMED 13

MATHEMATICS SPECIALIST UNITS 1&2
Section Two Semester 2 2015

Trinity College

Question 18 . (9 marks)
(@)  Figure ABCD is a parallelogram. Let AB = b and AD = d. Prove that the diagonals AC and
BD are perpendicular only when |b| = |d|. (4 marks)
B C —
oy Eb
A ~D /
—
d 0 = d-bL
hd e

gc L 8D > 4c - RO = ©

Ik ~ A J
O 5> —\bl* 14 =0
> g =kl
S )?&l = “?l QED

(b) Figure OPQR is a trapezium, with OP parallel to RQ a

nd RQ =30P. If M is the point of
intersection of OQ and PR, OP =p, OR =r, OM = A0Q and RM = uRP show that
oM = i—r + %p.

(5 marks)

—
= A OR givem
s —
= oE *"/U RP /

> A(S*'Z\i): ¢ "’/\’(E“—C) v~

'ww'/

O
W
0
-0

= /\£+3/\§? :Q-—'/\bsi’ﬂf
6?/""’"‘\“3 wgg’q,-mw}s
>\=|"/U oA ZA:/\) /

>
H

«\-

AN

Yy
I
e

.-t
o\w
o
3

See next page /
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Question 19 (10 marks)
(a) Solve 2(z-3)* +2=0. (lorna Olase Poo? (2 marks)

=7 @—3)14—\ =0 i~ c‘o‘x Mool e

T
= Q&-’S) =-\ Solve @(3*‘&)"*’ z2=0y )
.z
= (2 )" =

N z = .3'_?.4 ‘/

~

(b)  The complex numbers w; and w, are shown in the Argand plane below.

Im
%7.’/‘/
3\\\ AN ez
\ Wi 2,
< \ T R
\\\ had
w

Plot and label the complex numbers given by
(i) zy = W, (1 mark)
(i) Zy =Wy —wy. (2 marks)
(iii) Z3 = Wi + w,. (2 marks)

(c)  One solution of the quadratic equation x* +bx+c=0 is x=3-2i. Determine the values of
the real coefficients b and c. (8 marks)

<>c-— (‘é—-2<‘)> (x —_ (3+2<'3) = x%+bx + C v

> x° —->c('§+z<')—->c(3-:z¢'\+zz+ 2° = xF+bx+c

—

= x — - Rzifb’f. +C
A lQ: .—é) c = ‘3

-/

See next page
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Question 20

(8 marks)
The points P, 0, R and S lie on a circle of radius r. PR and OS meet at A. PQ and SR are produced
to meet at B, and AQBR is a cyclic quadrilateral.

(@) Prove that BS is perpendicular to PR.

sbas = (go” — LBeS

(6 marks)
Shologuk ome .
L0Rs = 188 — LPRR | o omgles sppe

Q\so Zf?% = dﬁs omn  SGwe

acc /
> go — L8085 = 1w - 408

8as = JPRE v
= 28
aloo :6&&4—- _/_PR.@ 31&’00

(0/"79' a*al% iw Cyelic @w)

"7 2 ﬂg = 15900 aaut'{fou\.oae gf\)% \/
’ L1R& = 90° vd
e, s L PR

Prove that the length of PS is 2r.

(2 marks)
Frow (a) LPRB =d0 = ,PRS e |
= PSS is & ol tamelas (‘Wﬂ{e v Sew c~‘rcle)

/

-

S < = <
P 4 Qed

See next page
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Question 21

Let P(n)=10" +18n-1.

(@)

(b)

If P(1)=9a and P(2)=9b, evaluate g and b.
\?(7,\ = 135 = 4l

@ b= g

P(N)= 27= 4a

. a= 3

-

CALCULATOR-ASSUMED
Section Two Semester 2 2015

=

(7 marks)

(2 marks)

Prove by induction that P(n) is always a multiple of nine when » is a positive integer.

PV

P(k) = 10 igk -1
- qM mé/Z

i

P(k-ﬂ\ = IOk‘H + |<\?(k+\) =\

\

= 10X +18k =1
N

3 (=

il

\

e, PG deue
P (k) attumed

PCke)) e
soo(n) kwe ¥V neZ

1(z) wmuh A a,

o 105 + 18k +1¥ = |

-+

4=

.'—

v

a“uw\eep . /
v~

e+ 4. 10%
q(2 +lok)

3
2 + O

otk o Q.

End of questions.

-
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(5 marks)
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